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1.1 Introduction

In this chapter we review recent developments on volatilityforecasts evaluation
and comparison based on inference of moments of functions ofpredictions and
predictions errors. We consider one-step ahead forecasts of both univariate and
multivariate volatility models, although the results can be easily extended to the
multi-step ahead case. Depending on the purpose of the analysis, the forecaster
may be interested in evaluating a single model, two or several models. When
the object of the analysis is the forecasting accuracy of a single model, the
quality of the model can be measured by the correlation between prediction
and realizations. A common method that falls in this category is the Mincer-
Zarnowitz regression (Mincer and Zarnowitz (1969)), whichinvolves regressing
the realization of a variable on a constant and its forecast.Alternatively, the
forecaster may aim to compare two or more models. Examples oftests for
pairwise comparison have been proposed by Diebold and Mariano (1995), West
(1996) and later generalized by Giacomini and White (2006).The multiple
comparison problem can be tackled in different ways. We distinguish between
two different approaches, the multiple comparison with control (e.g., the reality
check for data snooping of White (2000) and the superior predictive ability test
of Hansen and Lunde (2005)) where a benchmark forecast is chosen ex-ante
and compared to all others to asses whether any of the competing forecasts
outperforms the benchmark, and the multiple comparison without control (e.g.,
the model confidence set test of Hansen et al. (2011)) where all forecasts are
compared against each other and poor performing models excluded.
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A common problem in the evaluation of point forecasts is the comparison of
nested models. In fact, depending on the forecasting schemeused to produce the
sequence of out-of-sample observations, most of the tests for predictive ability
discussed here may not apply, in the sense that the distribution under the null
turns out to be degenerate in some cases and the test may suffer from serious
size distortions. In this chapter we consider the three mostcommonly used
forecasting schemes (West (2006)). Let us denote byT + T the total sample
size, whereT is the estimation sample andT is the forecast evaluation sample.
In the recursive scheme the sample used to estimate the parameters of the model
grows as the forecaster makes predictions for successive observations, i.e. at
each stepi = 1, ..., T − 1 the forecast is based on all past information. In the
rolling scheme the sequence ofT forecasts is based on parameters estimated
using a rolling sample of fixed sizeT . In the fixed scheme the parameters of
the model are estimated only once using data from1 to T . Then, the estimates
are used to generate all forecasts, i.e., at each step,T + 1, T + 2, ..., T + T − 1,
only the data are updated with the new information.

In this chapter we essentially focus on the rolling and fixed forecasting
schemes. In fact, as will be discussed in the following sections, the recur-
sive scheme can be problematic when evaluating forecasts generated by nested
models. Furthermore, the rolling and fixed scheme, other than allowing for
the comparison of nested models, (Giacomini and White (2006)) also present
other advantages. The rolling scheme is, in fact, rather appealing in case of
heterogeneneity of the data or parameter drifts that cannotbe easily modeled
explicitly, whereas the fixed scheme can be useful when it is difficult to carry
out parameter estimation. This is often the case, for instance, when comparing
multivariate volatility models, where the large number of parameters makes the
rolling scheme computationally challenging and time consuming, see Laurent
et al. (2011) for an example where a combination of rolling and fixed schemes
is used. A number of examples of applications using each of the three schemes
can be found in West (2006).

Another problem, which characterizes the comparison of volatility fore-
casts, is the fact that the target variable is latent. Thus, the evaluation of fore-
casts or forecasts errors has to be done with respect to some ex-post estimator.
Typically, this problem is solved by using a conditionally unbiased (and possi-
bly consistent) estimator as, for example, the squared innovations, the realized
volatility or kernels, see Andersen and Bollerslev (1998) and the further devel-
opments by Barndorff-Nielsen and Shephard (2002), Zhang etal. (2004), Zhou
(1996), Barndorff-Nielsen et al. (2008a) among the others,and their multivari-
ate extension, see Andersen et al. (2003), Barndorff-Nielsen et al. (2008b) and
Hansen and Lunde (2006b), or yet range based variance estimators, see Parkin-
son (1980), Garman and Klass (1980) and Brandt and Diebold (2006). In the
reminder of the chapter we refer to the ex-post volatility estimator as the volatil-
ity proxy. However, it is not always true that using a conditionally unbiased
proxy will lead, asymptotically, to the same outcome that would be obtained if
the true volatility was observed. Hansen and Lunde (2006a) show that when the
evaluation is based on a target observed with error, the choice of the evaluation
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criterion becomes critical in order to avoid a distorted outcome. The problem of
consistency, sometimes referred to as robustness, of the ordering between two
or more volatility forecasts has been further developed in Patton (2009), Patton
and Sheppard (2009) and Laurent et al. (2009).

Finally, since in most methods discussed here, the evaluation of volatility
forecasts relies, more or less explicitly, on the ranking implied by a statistical
loss function and on the choice of a volatility proxy, we discuss the properties
of a number of admissible loss functions and elaborate on thevalue of high
precision proxies. In particular, if the ranking is non-robust to the noise in the
proxy (i.e. is subject to potential distortions) the inference on models’ predictive
accuracy will be incorrect even if the testing procedure is formally valid. If
instead the ranking is robust, the presence of noise in the proxy is likely to
affect the power of the test, but not its asymptotic size.

The rest of the chapter is organized as follows. In Section 1.2, we introduce
the basic notation used throughout the chapter. In Section 1.3, we discuss the
evaluation of the predictive accuracy of single forecasts.In Section 1.4, we
introduce the problem of forecast evaluation under imperfect volatility proxies
and provide a number of admissible loss functions. In Sections 1.5 and 1.6, we
discuss methods for pairwise and multiple forecast comparison respectively. In
Section 1.7 we illustrate using artificial data the latent variable problem and its
impact on the inference on forecast accuracy. In Sections 1.8, we conclude and
discuss directions for further research.

1.2 Notation

We now introduce the basic notation and definitions used throughout the chap-
ter. Let definet = 1, ..., T the time index of the forecast sample of sizeT .
Let rt be a scalar random variable whose conditional variance,E[r2

t |ℑt−1] =
Et−1[r

2
t ] = σt, is of interest (to simplify the exposition, we assume that

E[rt|ℑt−1] = Et−1[rt] = 0). The setℑt−1 denotes the information set at time
t−1 and contains, for instance, past realizations ofrt. In financial applications,
rt typically represents a sequence of returns, i.e. first difference of logarithmic
prices, of some financial asset. We also assume thatrt|ℑt−1 ∼ F (0, σt), where
F is some distribution with zero mean and finite variance. The (set of) vari-
ance forecast(s) (sometimes referred to as models) is denoted byht (hk,t ∈ H,
k = 1, ..., m when there are more than one model).

In the multivariate case the variable of interest is the variance matrix, de-
notedΣt = Et−1[rtr′t] wherert is a (N × 1) random vector withrt|ℑt−1 ∼
F (0, Σt) andΣt, whose typical element indexed byi, j = 1, ..., N is denoted
σij,t, is symmetric and positive definite. The volatility forecasts are denoted
Hk,t ∈ HN×N , with typical elementhij,k,t, i, j = 1, ..., N , whereHN×N is a
compact subset of the space of symmetric and positive definite matricesRN×N

++ .
The forecast accuracy is usually evaluated by means of a lossfunction de-

noted asL : R++ × H → R+ whereR+ andR++ correspond respectively to
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the non-negative and positive portions of the real line andH is a compact subset
of R++ identifying the set of volatility forecasts. In the multivariate case, the
loss is defined asL : RN×N

++ ×HN×N → R+. Note that, both in the univariate
and multivariate cases, the first argument of the loss function is the true variance
or some proxy of it, whereas the second is a volatility forecast.

As underlined in the previous section, due to the latent nature of the variable
of interest, the evaluation of the model forecasts has to rely on a volatility proxy,
denoted̂σt andΣ̂t respectively in the univariate and multivariate cases. Theonly
property that we require for the volatility proxy is conditional unbiasedness, i.e.,
Et−1[σ̂t] = σt andEt−1[Σ̂t] = Σt ∀t, respectively. Throughout the chapter, we
consider the forecasts as observable. However, the forecasts may be biased
or inaccurate in any way (e.g., due to parameter uncertainty, misspecification,
etc.). About the volatility proxy, if not otherwise stated,we only assume that
at least one conditionally unbiased proxy is available. In some specific cases
we also require the stronger assumption of consistency or the availability of a
sequence of proxies that can be ordered in terms of their accuracy.

A simple variance proxy commonly used in the financial literature is the
squared return, or the outer product of the return vector in the multivariate case.
However, we discourage the use of such estimator for two reasons. First, al-
though, under mild hypotheses, such proxy is conditionallyunbiased for the
latent variance, it is extremely noisy, which makes it unsuited in many situa-
tions. In fact, the scarce informative content of the volatility proxy could ren-
der difficult to asses the statistical relevance of the forecast performances and
thus to discriminate between them. Second, even for the smallest multivariate
dimension,N = 2, this proxy violates the positive definiteness requirement
for the volatility proxy. Other variance proxies based on realized moments are
discussed in Andersen and Bollerslev (1998), Barndorff-Nielsen and Shephard
(2002), Zhang et al. (2004), Zhou (1996), Andersen et al. (2003), Hansen and
Lunde (2006b), Barndorff-Nielsen et al. (2008a) and Barndorff-Nielsen et al.
(2008b), among the others. Range based variance estimatorscan be found in
Parkinson (1980), Garman and Klass (1980) and Brandt and Diebold (2006).

1.3 Single forecast evaluation

A simple method for evaluating the accuracy of a volatility forecast is the well
known Mincer-Zarnowitz (MZ) regression, see Mincer and Zarnowitz (1969).
This approach requires the estimation of the coefficients ofa regression of the
target on a constant and a time series of forecasts, i.e.

σt = α + βht + ǫt ∀t = 1, ..., T. (1.1)

The null hypothesis of optimality of the forecast can be written asH0 : α =
0 ∪ β = 1. Given the latent nature of the target variable, the regression in (1.1)
is unfeasible. Substituting the true variance by some conditionally unbiased
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proxy, σ̂t = σt + ηt with Et−1[ηt] = 0, we can rewrite (1.1) as

σ̂t = α + βht + et, (1.2)

where the innovation areet = ηt + ǫt. Sinceσ̂t is a conditionally unbiased
estimator of the true variance then (1.2) yields unbiased estimates ofα and
β. The MZ regression allows to evaluate two different aspectsof the volatility
forecast. First, the MZ regression allows to test the presence of systematic over-
or under-predictions, that is whether the forecast is biased, by testing the joint
hypothesisH0 : α = 0 ∪ β = 1. Second, being theR2 of (1.2) an indicator
of the correlation between the realization and the forecast, it can be used as
evaluation criterion of the accuracy of the forecast.

Since the variance of the innovation termet in (1.2) depends on the accu-
racy of the volatility proxy, when a high quality proxy is available, the regres-
sion parameters are estimated more accurately. Also theR2 of the regression
in (1.2),1 − Cov(σ̂t, ht)

2/(V ar(σ̂t)V ar(ht)), results penalized as the quality
of the proxy deteriorates, see Andersen and Bollerslev (1998) for an analytical
example.

TheR2 of the MZ regression has often been used as a criterion for ordering
over a set of volatility forecasts, see Andersen and Bollerslev (1998) and An-
dersen et al. (2003) for instance. Furthermore, to respond to the concern that
few extreme observations can drive the forecast evaluation, many authors have
argued in favor of MZ regressions on transformations ofσt (and consequently
σ̂t andht), for instancelog(σ̂t) on log(ht) or |rt| on

√
ht, see Pagan and Schw-

ert (1990), Jorion (1995), Bollerslev and Wright (2001) among others for some
examples.

Although appealing, this approach suffers from an important weakness. In
fact, as pointed out by Andersen et al. (2005), transformed unbiased forecasts
for the latent variance are not generally unbiased for the transformed proxy,̂σt.
However, allowing forα 6= 0 and/orβ 6= 1 in the MZ regression of the volatility
proxy on the transformed forecasts explicitly corrects what would appear as
signal of bias in the forecasts. Analytical examples under different distributional
assumption for the volatility proxy can be found in Patton and Sheppard (2009).
It is important to point out that these drawbacks are only dueto the substitution
of the true volatility by the proxy. For the unfeasible transformed regression,
i.e., if the true volatility was observable, the nullH0 : α = 0 ∪ β = 1 would
still apply for the transformed regression.

Also related to the use of transformations of the variables of interest, Hansen
and Lunde (2006a) show that, due to the latent variable problem, theR2 of the
MZ regression based on transformed variables is not always adequate and may
lead to a perverse ordering. They establish that a sufficientconditions for the
R2 to be valid criterion isEt−1[σt − σ̂t](∂

iφ(σt)/∂σi
t) = ci for some constant

ci, ∀t = 1, 2, ... andi ∈ N and whereφ(.) represents the transformation of the
dependent variable and the regressor, e.g., log, square, square root, etc. This
condition validates the use of the MZ regression in level butalso, for example,
of the quadratic transformation, i.e.,φ(x) = x2, although in the latter case, as
pointed out by Andersen et al. (2005), the quadratic transformation of an un-
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biased forecasts will not generally result to be unbiased for σ̂2
t , but rejects, for

example, the log-regression.1

Another suitable property for a good forecast is that the forecasts or fore-
cast errors are uncorrelated with other series or more generally with any other
information available at the time the forecast is made. If this is not the case,
then it would be possible to use such information to produce superior forecasts,
see Mincer and Zarnowitz (1969), Figlewsky and Wachtel (1981), Zarnowitz
(1985) and Keane and Runkle (1990) among the others. Furthermore, including
additional variables, such as lagged values of the volatility or of the standard-
ized volatility, sign indicators or yet transformations and combinations of these
variables, allows to detect whether nonlinearities, asymmetries and persistence
have been neglected. This approach is called augmented MZ regression, where
the augmentation consists in adding to the right hand side of(1.2) the termztγ,
wherezt represents the set of measurable additional regressors. The relevant
null hypothesis becomesH0 : α = 0 ∪ β = 1 ∪ γ = 0.

Other than a test for unbiasedness and forecast accuracy, the MZ regression
can also be viewed as a test of efficiency, i.e.E[ht(σ̂t − ht)] = 0. In fact, if
forecasts and forecast errors are correlated then it would be possible to produce
superior forecasts by exploiting this relationship. From (1.2) we have

σ̂t − ht = α + (β − 1)ht + et (1.3)

and therefore

E[ht(σ̂t − ht)] = αE[ht] + (β − 1)E[h2
t ] + E[htet] = 0, (1.4)

whenα = 0 andβ = 1.
The results outlined above can be directly extended, with few exceptions

to the multivariate case. A simple approach is to consider the unique elements
of the true variance matrix (proxy) and of the covariance forecast. The feasible
MZ regression can be written as

vech(Σ̂t) = α + diag(β)vech(Ht) + et, (1.5)

whereα andβ are (N(N + 1)/2 × 1) vectors of parameters,vech(.) is the
half-vector operator anddiag(.) is the operator that transforms a vector into
a square diagonal matrix with the vector along the diagonal.Equation (1.5)
can be estimated by seemingly unrelated regression techniques. Then a joint

1Note that, although according to Hansen and Lunde (2006a) the R2 of the quadratic MZ re-
gression is a robust criterion in the sense that it leaves theranking between volatility forecasts
unaffected when the latent variance is substituted by a proxy, the quadratic transformation of an
unbiased forecasts does not generally result to be unbiasedfor the quadratic transformation of
the volatility proxy,σ̂t, see Andersen et al. (2005). As an example assumert|ℑt−1 ∼ N(0, σt)
and consider the volatility proxŷσt = r2

t . The quadratic MZ regression (φ(x) = x2) can be
written as(σ̂t)2 = α + βh2

t + et. Under the nullH0 : ht = σt a.s. ∀t the population values of
the parameters areα = 0 andβ = 3. For the unfeasible transformed regression, i.e., if the true
volatility was observable, the nullH0 : α = 0 ∪ β = 1 would still apply for the transformed
regression.
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test thatα = 0 andβ = 1 can be performed. As pointed out by Patton and
Sheppard (2009) the large dimension of the system my adversely affect the
finite sample properties of the joint test. The solution proposed to reduce the
parameter space is to impose in (1.5) the parameter constrains αi = α and
βi = β ∀i = 1, ..., N(N + 1)/2.

1.4 Loss functions and the latent variable problem

A common approach to the evaluation of forecast performances is the compar-
ison of expected losses evaluated with respect to the true variance. However,
as noted in Section 1.3, the latent nature of the conditionalvariance makes it
difficult to evaluate the performances of volatility forecasts. The latent variable
problem can be solved, at least partly, by substituting the true conditional vari-
ance by some ex-post estimator based on observed quantitiesas they become
available. Examples of volatility proxies have been provided in Section 1.1.

Obviously a good volatility proxy must be conditionally unbiased. How-
ever, as first noted by Andersen and Bollerslev (1998) and Andersen et al.
(2005), it is not always the case that the evaluation of forecast performances
using a conditionally unbiased proxy will lead, asymptotically, to the same out-
come that would be obtained if the true volatility was used. Hansen and Lunde
(2006a), focussing on a qualitative assessment (ordering)of volatility forecasts,
show that when the evaluation is based on a target observed with error, the
choice of the evaluation criterion becomes critical in order to avoid a perverse
outcome. They define the theoretical framework for the analysis of the order-
ing of stochastic sequences and provide conditions on the functional form of
the loss function which ensure consistency between the ordering based on a
volatility proxy and the one based on the true, but latent, variance.

Let us define the precision, measured in terms of expected loss, of some
generic volatility forecast,hk,t, with respect to the true variance asE[L(σt, hk,t)].
The aim is to seek conditions that ensure consistency of the ranking (equiva-
lence of the ordering) between any two forecastsk andj when a conditionally
unbiased proxy is substituted to the true variance, that is

E[L(σt, hk,t)] ≤ E[L(σt, hj,t)] ⇔ E[L(σ̂t, hk,t)] ≤ E[L(σ̂t, hj,t)], (1.6)

wherek and j refer to two competing volatility forecasts. The violationof
(1.6) is defined as objective bias. A sufficient condition to ensure (1.6) is the
following

∂2L(σt, ht)

(∂σt)2
exists and does not depend onht. (1.7)

It follows immediately that (1.7) rejects evaluation criteria commonly used in
applied work such as absolute deviations, root of squared errors, or proportional
error loss functions, whereas it validates the use of squared errors. Numerous
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examples of loss functions violating (1.7) are discussed byHansen and Lunde
(2006a), Patton (2009), Patton and Sheppard (2009) and Laurent et al. (2009).
See also Section 1.7 for an analytical illustration.

Focussing on the univariate dimension, Patton (2009) provides analytical
results for the undesirable outcome that arises when using aloss function that
violates (1.7), under different distributional assumption for the returns and con-
sidering different volatility proxies and for a number of commonly used loss
functions. Furthermore, building upon Hansen and Lunde (2006a), he provides
necessary and sufficient conditions on the functional form for the loss function
(defined within the class of homogeneous statistical loss functions that can be
expressed as means of each period loss) ensuring consistency of the ordering
when using a proxy. The following family of functions represents the entire
subset of consistent homogeneous loss functions, with degree of homogeneity
given byξ:2

L(σ̂t, ht) =











1
(ξ−1)ξ (σ̂ξ

t − hξ
t ) − 1

ξ−1hξ−1
t (σ̂t − ht) for ξ 6∈ (0, 1)

ht − σ̂t + σ̂t log σ̂t

ht
for ξ = 1

σ̂t

ht
− log σ̂t

ht
− 1 for ξ = 0

.

(1.8)
The loss function in (1.8) can take a variety of shapes: symmetric, (ξ = 2 corre-
sponds to the mean squared prediction error loss function) and asymmetric with
penalty on overpredictions (ξ > 2) or underpredictions (ξ < 2). The set of con-
sistent loss functions in (1.8) relates to the class of linear exponential densities
of Gourieroux et al. (1984) and, as noted by Laurent et al. (2009) it partially
coincides with the subset of homogeneous loss functions associated with the
most important linear exponential densities.3 In fact, for ξ = 0, 1, 2, the func-
tion can be alternatively derived from the objective functions of the Gaussian,
Poisson and Gamma densities respectively, see Gourieroux and Monfort (1995)
for details.

A first of generalization to the multivariate case has been proposed by Pat-
ton and Sheppard (2009). Laurent et al. (2009) complete thissetting and pro-
vide a general framework for the evaluation of variance matrices. They identify
a number of robust vector and matrix loss functions and provide insight on their
properties, interpretation and geometrical representation. In the multivariate
case, the sufficient condition in (1.6) becomes

∂2L(Σt, Ht)

∂σl,t∂σm,t
finite and independent ofHt ∀l, m = 1, ..., N(N +1)/2, (1.9)

2Recall that a function is homogeneous if it has a multiplicative scaling behavior, i.e., iff :
X → Y andξ integer, thenf is homogeneous of degreeξ if f(kx) = kξf(x), ∀k > 0.
3Recall that a functionf(x) is homogeneous of degreeα if it satisfiesf(kx) = kαf(x) for all
non-zerok.
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whereσl,t is thelth element of the vectorσt = vech(Σt). Given (1.9), a gener-
alized necessary and sufficient functional form for the lossfunctions is

L(Σ̂t, Ht) = C̃(Ht) − C̃(Σ̂t) + C(Ht)
′vech(Σ̂t − Ht), (1.10)

whereC̃(.) : RN×N
++ → R+ with

C(Ht) =









∂C̃(Ht)
∂h1,t

...
∂C̃(Ht)
∂hK,t









, C′(Ht) =









∂C̃(Ht)
∂h1,t∂h1,t

· · · ∂C̃(Ht)
∂h1,t∂hK,t

...
.. .

∂C̃(Ht)
∂hK,t∂h1,t

∂C̃(Ht)
∂hK,t∂hK,t









, (1.11)

whereC(.) andC′(.) are the gradient and the hessian ofC̃(.) with respect to
the K = N(N + 1)/2 unique elements ofHt, denotedht = vech(Ht) and
C′(Ht) is negative definite. The general form in (1.10) is related tothe linear
exponential matrix densities and represents the family of the Bregman matrix
divergences criteria. Well known loss functions belongingto this family are the
Frobenius distance, the von Neumann divergence and the Stein loss function
(also called LogDet or Burg divergence).

From (1.10), Laurent et al. (2009) identify the entire subset of homoge-
neous (ξ = 2) loss functions based on forecast errors, i.e.,(Σt −Ht), which can
be expressed as

L(Σ̂t, Ht) = L(Σ̂t − Ht) = vech(Σ̂t − Ht)
′Λ̂vech(Σ̂t − Ht), (1.12)

whereΛ̂ is a positive definite matrix of constants which defines the weights as-
signed to the elements of the forecast error matrix. The lossfunction in (1.12)
nests a number of MSE-type loss functions, defined on both vector and ma-
trix spaces, e.g. (weighted) Euclidean distance on the half-vectorization of the
forecast error matrix or Frobenius distance on the difference of realized and
predicted variance matrices,Σt andHt.

Unlike the univariate case, where an analytical expressionis available for
the entire class of consistent loss functions, in the multivariate case such gen-
eralization is unfeasible because there are infinite combinations forecasts and
forecasts errors, hence of functionsC̃(.), that satisfy (1.10). However, given
(1.10), application-specific loss functions can be easily derived. Laurent et al.
(2009) provide and discuss a number of examples.

Finally, Laurent et al. (2009) also show that, under the higher level assump-
tion of consistency of the volatility proxy, the distortionintroduced in the order-
ing when using an inconsistent loss function tends to disappear as the quality
of the proxy improves. Since often non robust loss functionshave other desir-
able properties which are useful in applications, e.g. down-weighting extreme
forecast errors, they may still be used provided that the volatility proxy is suffi-
ciently accurate.

In the following sections, we review a number of tests for forecast evalu-
ation where performances are evaluated by means of a statistical loss function.
Although most of the methodologies discussed are valid under a general loss
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function, we remind that, in empirical applications, when the true variance is
substituted by a proxy, the loss function should be chosen, depending on the
setting, according to (1.8) and (1.10) respectively.

1.5 Pairwise comparison

The first approach to pairwise comparison that we consider isthe test of equal
predictive ability proposed by Ashley et al. (1980) as a generalization of the
approach introduced by Granger and Newbold (1977). The testis based on
the comparison of the mean square forecast errors (MSE) of a pair of forecasts
with respect to the target. Let us defineek,t = σt − hk,t the forecast error and
LMSE

k,t = T−1
∑

t e2
k,t the mean square forecast error of some modelk with

respect toσt. Then, when comparing the performance of modelk to some other
modelj, simple algebra yields

LMSE
k,t − LMSE

j,t = (V ar(ek,t) − V ar(ej,t)) + (ē2
k − ē2

j), (1.13)

whereēi = T−1
∑

t ei,t. Let us now defineDt = ek,t − ej,t, St = ek,t + ej,t

andD̄, S̄ their empirical means. Then, (1.13) can be rewritten as

LMSE
k,t − LMSE

j,t = Cov(Dt, St) + D̄S̄. (1.14)

A test of equal predictive ability, or more precisely equal MSE, corresponds to
testing the null hypothesis

H0 : Cov(Dt, St) = 0 ∪ D̄ = 0. (1.15)

Note that (1.15) implies that the forecasts can be biased. Infact, D̄t = 0 does
not requireek,t = ej,t = 0 but only that the biases are equal in size and sign.
The null hypothesis in (1.15) is equivalent to testing the null hypothesisH0 :
α = 0 ∪ β = 0 in the following regression

Dt = α + β(St − S̄) + ǫt. (1.16)

If the forecast errors have zero-mean, i.e., they are both unbiased, and under the
additional assumption that they are normally distributed and uncorrelated, the
test of equal MSE is equivalent to the test proposed by Granger and Newbold
(1977), henceforth GN, that is

GN − T =
ρ

√

(T − 1)−1(1 − ρ)2
∼ tT−1, (1.17)

whereρ = Cov(Dt, St)/
√

V ar(Dt)V ar(St) andtT−1 is the student-t distribu-
tion with T − 1 degrees of freedom.

The extension to the multivariate case is straightforward.In fact, the MSE

can computed using the Euclidean distance,LE
k,t = T−1

∑

t

[

∑

i≤j e2
ij,k,t

]

,
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i, j = 1, ..., N or the Frobenius distance,LF
k,t = T−1

∑

t

[

∑

i,j e2
ij,k,t

]

, i, j =

1, ..., N , although it is worth noting that in the latter case the covariance forecast
errors are double weighted. Given that these loss functionscan be expressed as
a linear combination of MSEs on the unique or all elements of the forecast error
matrix respectively, a joint test on the coefficient of the pooled regressionDij,t

on (Sij,t − S̄) can be performed using standard panel data techniques.
Another approach to pairwise comparison that we consider isthe test of

equal predictive ability proposed by Diebold and Mariano (1995), henceforth
DM, and further refined by West (1996), McCracken (2000), Clark and Mc-
Cracken (2001), Corradi et al. (2001), Clark and West (2006), Clark and West
(2007), McCracken (2007) and Clark and McCracken (2005). The DM test is
a very general procedure4 designed to compare two rival forecasts in terms of
their forecasting accuracy using a general loss function. The measure of predic-
tive accuracy, i.e. the loss function, can be specified according to the definition
of optimality adopted by the forecaster.

Consider a loss function as defined in Section 1.2 and define the loss dif-
ferential between modelk andj as

dt = L(σt, hk,t) − L(σt, hj,t), (1.18)

in the univariate case, and

dt = L(Σt, Hk,t) − L(Σt, Hj,t), (1.19)

in the multivariate case. Since in either case the loss function is scalar valued,
we can more generally refer to the notationdt = Li,t−Lj,t. Under the assump-
tion thatdt is stationary,E[dt] is well defined and allows for the formulation of
the null hypothesis of equal predictive abilityH0 : E[dt] = 0. The test takes
the form of a t-statistic, i.e.,

DM − T =

√
T d̄√
ω

a∼ N(0, 1), (1.20)

where d̄ = T−1
∑

t dt and ω = lim
t→∞

V ar(
√

T d̄) is its asymptotic variance.

A natural estimator ofω is the sample variance ofdt, though this estimator is
consistent only if the loss differentials are serially uncorrelated. Since this is not
generally the case, a suitable HAC estimator, such as the Newey-West variance
estimator, is preferable.

It is worth noting that the aim of the DM type tests is to infer aboutE[dt(θ0)]
usingT−1

∑

t dt(θ0), whereθ0 represents the models parameter population val-
ues, and thus are based on asymptotics requiring the size of the estimation sam-
pleT and the forecast evaluation sampleT to grow to infinity at the same rate.5

4It does not require zero-mean forecast errors (hence the forecasts can be biased), specific dis-
tributional assumptions nor zero-serial correlation for the forecast errors.
5Such asymptotics apply naturally under a recursive forecasts scheme, where the sample used
to estimate the parameters of the model grows at the same rateas the forecast sample, i.e. at
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Since this type of asymptotics relies on parameter population values, the com-
parison of nested models is obviously not allowed, because the asymptotic dis-
tribution of the statistic under the null turns out to be degenerate (identically
zero) when the restricted model is true. A solution to this problem has been
provided by McCracken (2007) and Clark and McCracken (2005)(CM), which
argue that, althoughT−1

∑

t dt(θ̂) − E[dt(θ0)] →
p

0 when models are nested,

T−1
∑

t dt(θ̂) is a non-degenerate random variable. Based on this argument,
they suggest several statistics suited for testing equal predictive accuracy, whose
distribution is non standard and depends on the parameter uncertainty. To ob-
tain the distribution under the null hypothesis, Clark and McCracken (2009)
propose an asymptotically valid procedure based on bootstrap sampling.

To allow for a unified treatment of nested and non-nested models, Giaco-
mini and White (2006) (henceforth GW) suggest to approach the problem of
the forecast evaluation as a problem of inference about conditional (rather than
unconditional) expectations of forecast errors. The GW is atest of finite-sample
predictive ability. Giacomini and White (2006) construct atest for conditional
equal predictive accuracy based on asymptotics in which theestimation error is
a permanent component of the forecast error. Rather than focussing on uncon-
ditional expectations, their approach aims at inferring about conditional expec-
tations of forecast errors, i.e. inferring aboutE[dt(θ̂)] usingT−1

∑

t dt(θ̂). The
GW approach tests the null hypothesis of equal predictive ability

E[L(σt, h
τk

k,t(θ̂
τk

k,t)) − L(σt, h
τj

j,t(θ̂
τk

j,t))|ℑt−1] ≡ E[dT ,t|ℑt−1] = 0, (1.21)

where, fori = k, j, hτi

i,t(θ̂
τi

i,t) areℑt−1-measurable forecasts,τi is size of the
estimation window, possibly different for each model andT = max(τk, τj).
Since under the null hypothesis,{dT ,t,ℑt} is a martingale difference sequence,
(1.21) is equivalent toE[δt−1dT ,t] = 0, whereδt−1, referred to as the test
function, is aℑt−1-measurable vector of dimensionq. By invoking standard
asymptotic normality arguments, the GW test takes the form of a Wald-type
statistic

GW − T δ
T = T

(

T−1
T
∑

t=1

δt−1dT ,t

)′

Ω̂−1

(

T−1
T
∑

t=1

δt−1dT ,t

)

,

(1.22)

whereΩ̂ is a consistent estimator of the variance ofδt−1dT ,t. The statistic is
asymptoticallyχ2

q under the null hypothesis.
An example of test function suggested by Giacomini and White(2006)

is δt = (1, dT ,t)
′ which allows to test jointly for equal predictive ability and

lack of serial correlation in the loss differentials. Note that, in the case where
τk = τj andδt = 1 ∀t, then the GW test is equivalent to a ‘conditional’ DM

each stept the forecast is based on all available information up tot−1. Additional assumptions
for asymptotics based on rolling and fixed schemes, where theestimation sample increases with
the overall sample size, are given in West (1996).



1.6 Multiple comparison 13

test with forecasts evaluated using the rolling window forecast scheme. Apart
from this simple case we are not aware of any other application of the GW
approach (for instance allowing for more sophisticated test functions,τk 6= τj ,
time dependent estimation windows, different forecastingrules/methods or yet
different estimation procedures for each model).

Clearly, the GW asymptotics hold when the size of the estimation sample
is fixed and the forecast sample grows, i.e.,T fixed,T → ∞, but also under a
rolling scheme6 and in general to any limited memory estimator.

1.6 Multiple comparison

When multiple alternative forecasts are available, it is ofinterest to test whether
a specific forecast (hereafter the benchmark), selected independently from the
data, produces systematically superior (at least equivalent) performances with
respect to the rival models. In this case, we aim to test the null hypothesis that
the benchmark is not inferior to any other alternative. Thisapproach, called
multiple comparison with control, differs from the techniques discussed in Sec-
tion 1.5 for two reasons. First, the multiple comparison allows to recognize
the multiplicity effect, i.e., statistical relevance of all comparisons between the
benchmark and each of the alternative models, and calls for atest of multiple
hypotheses to control for the size of the overall testing procedure. Second, while
Section 1.5 involves tests of equal predictive ability, thechoice of a control re-
quires a test of superior predictive ability. The distinction is crucial because,
while the former lead to simple null hypotheses, i.e., testing equalities, the lat-
ter leads to composite hypotheses, i.e. testing (weak) inequalities. The main
complications in composite hypotheses testing is that (asymptotic) distributions
typically depend on nuisance parameters, hence the distribution under the null
is not unique.

To simplify the exposition, the notation used in this section only refers the
univariate dimension. Since all the techniques discussed hereafter are based on
comparisons of forecast performances measured by some statistical loss func-
tion, the extension to the multivariate case, as noted in Section 1.5, is straightfor-
ward and only involves an appropriate redefinition of the loss function, namely
L : RN×N

++ × HN×N → R+. Issues related to the choice of the loss function
and to the latent variable problem have been discussed in Section 1.4.

The first approach that we consider is the reality check for data snooping
of White (2000) (hereafter RC). Let us define the loss differential between the
benchmark,h0,t, and some rival forecast,hk,t k = 1, ..., m as

dk,t = L(σt, h0,t) − L(σt, hk,t) (1.23)

6The sequence ofT parameters is generated using the most recent information,e.g. a rolling
sample of fixed sizeT .
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anddt = (d1,t, ..., dm,t). Provided thatdt is (strictly) stationary,E[dt] is well
defined and the null hypothesis of interest takes the form

H0 : E[dt] ≤ 0, (or equivalentlyH0 : max
k

E[dk,t] ≤ 0) (1.24)

that is, the benchmark is superior to the best alternative. Clearly, the null hy-
pothesis in (1.24) is a multiple hypothesis, i.e., the intersection of the one-sided
individual hypothesesE[dk,t] ≤ 0. The RC statistic takes the form

RC − T = max
k

(
√

T d̄k), (1.25)

where d̄k = T−1
∑T

t=1 dk,t. Note that, as in Diebold and Mariano (1995),
the RC test is based on asymptotics which require the parameters of the model
based forecasts to converge to their population values, thus not allowing for
the comparison of nested models. Using similar arguments ofGiacomini and
White (2006), Hansen (2005) extends the procedure to the comparison of nested
models. The framework defined in Hansen (2005) is well suitedwhen parame-
ters are estimated once, i.e., fixed scheme, or using a movingwindow (of fixed
or time dependent size or yet of different size for each model), i.e., rolling
schemes, whereas the comparison of models with parameters that are estimated
recursively is not accommodated.

Given strict stationary ofdt, White (2000) invokes conditions provided in
West (1996) that lead to

√
T (d̄ − E[dt])

d→ N(0, Ω). (1.26)

The challenge when implementing the RC test is that (1.25) has an asymptotic
distribution under the null hypothesis depending on the nuisance parameters
E[dt] andΩ. One way to proceed is to substitute a consistent estimator for Ω
and employ the least favorable configuration (LFC) over the values ofE[dt] that
satisfy the null hypothesis. From (1.24), it is clear that the least favorable value
to the alternative isE[dt] = 0, which presumes that all alternatives are as good
as the benchmark. However, the distribution of (1.25), i.e., the extreme value
of a vector of correlated normal variables, is unknown. White (2000) suggests
two ways to obtain the distribution under the LFC for the alternative, namely
the Monte Carlo Reality Check (simulated inference) and theBootstrap Reality
Check (bootstrap inference). We refer to White (2000) for further details on the
two methods.

Using a similar approach, Hansen (2005) proposes a new test for superior
predictive ability (henceforth SPA). His framework differs from White (2000)
in two ways. First, he proposes a different statistic based on studentized quan-
tities to alleviate the substantial loss of power that the RCcan suffer due to
the inclusion of poor and irrelevant forecasts. Second, he employs a sample
dependent distribution under the null. The latter is based on a procedure that
incorporates additional sample information in order to identify the relevant al-
ternatives. In fact, while the procedure based on the LFC suggested in White
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(2000) implicitly relies on an asymptotic distribution under the null hypothesis
that assumesE[dk,t] = 0 for all k, Hansen (2005) points out that all negative
values ofE[dk,t] have also to be considered since they conform with the null
hypothesis.

The new statistic takes the form

SPA − T = max

[

max
k

√
T d̄k√
ω̂k

, 0

]

, (1.27)

whereω̂k is some consistent estimator ofωk = lim
t→∞

V ar(
√

T d̄k), i.e. thekth

diagonal element ofΩ. The null distribution of the SPA statistic is based on√
T d̄ d→ N(µ̂c, Ω̂), whereµ̂c is a consistent estimator ofµ = E[dt] that con-

forms with the null hypothesis. The suggested estimator is

µ̂c
k = d̄k 1{√T d̄k/ω̂k≤−(2 log log T )1/2}, (1.28)

where1{.} denotes the indicator function. The threshold(2 log log T )1/2 in
(1.28) represents the slowest rate that captures all alternatives withµk = 0.
More generally, any threshold in the interval

[

(2 log log T )1/2, T 1/2−ǫ
]

, for
anyǫ > 0 also produces a valid test and guarantees that all poor models are dis-
carded asymptotically. For instance, Hansen (2005) proposes the value
0.25 T 0.25. Furthermore, since different threshold rates lead to different p-
values in finite samples, Hansen (2005) also provides a lowerand upper bound
for the SPA p-values. These p-values can be obtained by usingµ̂l

k = min(d̄k, 0)
andµ̂u

k = 0, where the latter yields a distribution under the null basedon the
LFC principle.7 Hansen (2005) also provide a detailed description of the boot-
strap scheme used to obtain the distribution under the null hypothesis.

Clearly, when comparing volatility models, the choice of a benchmark is
not obvious. Furthermore, especially when the set of competing models is
large, such applications may not yield a single model that issignificantly su-
perior to the alternatives because the data may not be sufficiently informative
to give an univocal answer. In this case, the forecaster may aim to reduce the
set of competing models to a smaller set that is guaranteed tocontain the best
forecasting model at a given confidence level. This approach, known as multi-
ple comparison without control, suggests a comparison of all models with each
other. It differs from the techniques discussed above for two reasons. First, the
procedure does not require a benchmark to be specified. Second, the testing
procedure generally relies on simple hypotheses, i.e., equalities.

Hansen et al. (2011) construct a sequential test of equal predictive ability,
dubbed model confidence set (MCS), which, given an initial set of forecasts
M0, allows to:i) test the null that no forecast is distinguishable from any other,

7In the latter case the distribution under the null is obtained using the same arguments as in
White (2000). The difference here stands in the fact that thevariable of interest is the maxi-
mum of studentized quantities, whereas in White (2000) it isthe maximum of non-studentized
quantities.
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ii) discard any inferior forecasts if they exist,iii) characterize the set of models
that are (equivalent to each other and) superior to all the discarded models. The
set of surviving model is called model confidence set and can be interpreted as
a confidence interval for the forecasts in that it is the set containing the best
forecast at some confidence level.

Designed around the testing principle of Pantula (1989) to ensure that se-
quential testing does not affect the overall size of the test, the MCS test in-
volves a sequence of tests for equal predictive ability. Given M0, the start-
ing hypothesis is that all models inM0 have equal forecasting performances.
The relative performance of each pair of forecasts is measured by dk,j,t =
L(σt, hk,t) − L(σt, hj,t), for all k, j ∈ M0 andk 6= j. Under the assump-
tion thatdk,j,t is stationary, the null hypothesis of equal predictive ability takes
the form

H0 : E[dk,j,t] = 0 ∀k, j ∈ M0. (1.29)

If the null of equal predictive ability is rejected at a givenconfidence levelα,
then an elimination rule is called to remove the worst performing model. The
equal predictive ability test is then repeated until the non-rejection of the null,
while keeping the confidence levelα fixed at each iteration, thus allowing to
construct a(1−α)-confidence set,M∗ ≡ {k ∈ M0 : E(dk,j,t) ≤ 0 ∀ j ∈ M0},
for the best model inM0.

Let Lt be the(m × 1) vector of sample performancesL(σt, hk,t), k ∈ M
andι⊥ the(m× (m−1)) orthogonal complement of am-dimensional vector of
ones, wherem is the dimension ofM . Then, the vectorι′⊥Lt can be viewed as
m−1 relevant contrasts as each element can be obtained as a linear combination
of dk,j,t, k, j ∈ M which has mean zero under the null (1.29). Hence, (1.29)
is equivalent toE[ι′⊥Lt] = 0 and, under strict stationarity ofdk,j,t, it holds that
T−1/2

∑T
t=1 ι′⊥Lt is asymptotically Normal with mean0 and covariance ma-

trix Ω = limt→∞ V ar
(

T−1/2
∑T

t=1 ι′⊥Lt

)

. Thus, it seems natural to employ

traditional quadratic-form type tests as

MCS − TQ = T

(

T−1
T
∑

t=1

ι′⊥Lt

)′

Ω̂+

(

T−1
T
∑

t=1

ι′⊥Lt

)

(1.30)

and

MCS − TF =
T − q

q(T − 1)
MCS − TQ, (1.31)

whereΩ̂ is some consistent estimator ofΩ, q = rank(Ω̂) denotes the number
of linearly independent contrasts andΩ̂+ denotes the More-Penrose pseudo-
inverse ofΩ̂. The statistic in (1.30) is asymptoticallyχ2

q, whereas (1.31) is
asymptotically Fq,T−q under the null hypothesis, as the subscriptsQ (quad-
tratic) andF (F-distributed) suggest.

However, whenm is large, it might be difficult to obtain an accurate es-
timate of Ω. Alternatively, Hansen et al. (2011) also propose three simpler
statistics which only require the estimation of the diagonal elements ofΩ. The
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drawback is that their distribution under the null becomes non-standard. To
this respect, Hansen et al. (2011) provide a detailed description of the bootstrap
scheme employed to solve the nuisance parameter problem andto obtain the
distribution under the null hypothesis. Similarly to the SPA, the three statistics
are expressed as functions of studentized quantities.

The first statistic is a sum of deviations (hence the subscript) from the com-
mon average. Under the null hypothesisH0 = E[d̄k] = 0, ∀k ∈ M , the statistic
takes the form8

MCS − TD =
1

m

∑

k∈M

t2k, (1.32)

wheretk =
√

T d̄k/
√

ω̂D
k , k = 1, ..., m, andd̄k = m−1Σj∈M d̄k,j is the contrast

of modeli’s sample loss with respect to the average across all models and d̄k,j =
T−1ΣT

t=1dk,j,t is the sample loss differential between modelsk and j. The
variancesω̂D

k are consistent estimators ofωD
k = limt→∞V ar(

√
T d̄k). The

remaining two statistics, dubbed range and semi-quadratic, take the form

MCS − TR = max
k,j∈M

|tk,j | and MCS − TSQ =
1

m

∑

k,j∈M

t2k,j (1.33)

respectively, wheretk,j =
√

T d̄k,j/
√

ω̂R
s , k, j = 1, ..., m, k 6= j and s =

1, ..., m(m − 1) and the varianceŝωR
s are consistent estimators of

ωR
s = Avar(

√
T d̄k,j).

If the null hypothesis is rejected, then Hansen et al. (2011)suggest the use
of the following elimination ruleEM = arg max

k∈M
tk which excludes the model

with the largest standardized excess loss relative to the average across models.
The iterative testing procedure ends as soon there is the first non rejection, or
obviously if all forecasts but one have been recursively eliminated. Finally, the
MCS p-value is equal topi = max(pi−1, p(i)), i = 1, ..., m, wherepi is the
p-value of the test under the null hypothesisH0

Mi , i.e., at theith step of the
iteration process. By convention the p-value when there is only one surviving
model ispm = 1. The tests for multiple comparison mentioned in this section
are implemented in Hansen and Lunde (2010).

1.7 Consistency of the ordering and inference on
forecast performances

In this section we illustrate, using a Monte Carlo simulation, to what extent
the latent variable problem induces distortions in the ranking and affects the
inference on forecast accuracy.

8Note that this null hypothesis is equivalent to (1.29).
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We focus on univariate volatility models, whereas a similarexercise based
on the comparison of multivariate models is presented in Laurent et al. (2009)
and Laurent et al. (2011).

The forecast performances are measured by the following twoloss func-
tions

1. LMSE : L(σ̂t, hk,t) = (σ̂t − hk,t)
2 (mean squared error)

2. LLMSE: L(σ̂t, hk,t) = (log(σ̂t) − log(hk,t))
2 (mean squared error of the

log transform).

Note that, whileLMSE belongs to the family defined in (1.8) withξ = 2 (hence-
forth referred to as ‘robust’), it is straightforward to show thatLLMSE violates
(1.7) (henceforth ‘non-robust’), that is

L′
LMSE =

∂L(σt, ht)

∂σt
= 2

log(σt/hk,t)

σt

L′′
LMSE =

∂2L(σt, ht)

(∂σt)2
= 2

1 − log(σt/hk,t)

σ2
t

,

with the second derivative depending onhk,t. The choice ofLLMSE is not
coincidental. Patton (2009) quantifies, under different assumption on the distri-
bution of the returns, the bias with respect to the optimal forecast when using
this loss function. To illustrate the centrality of the roleof the quality of the
volatility proxy when the evaluation of forecast performances is based on a loss
function that violates (1.7), consider the conditional expectation of the second
order Taylor expansion ofLLMSE around the true valueσt, i.e.

E[LLMSE(σ̂t, hk,t) | ℑt−1] ≈ LLMSE(σt, hk,t) + L
′

LMSEE[ηt | ℑt−1]

+ 0.5L
′′

LMSE(σt, ht)E[η2
t | ℑt−1],

whereηt = (σ̂t − σt), σt andhk,t areℑt−1 measurable and, since the volatility
proxy is required to be conditionally unbiased,E[ηt | ℑt−1] = 0 andE[η2

t |
ℑt−1] < ∞ is the conditional variance of the proxy. Let us now define

∆(hk,t) = E[LLMS(σ̂t, hk,t) | ℑt−1] − LLMSE(σt, hk,t)

= 0.5L
′′

LMSE(σt, hk,t)E[η2
t | ℑt−1]

∆(hj,t) = E[L(σ̂t, hj,t) | ℑt−1] − LLMSE(σt, hj,t)]

= 0.5L
′′

LMSE(σt, hj,t)E[η2
t | ℑt−1]

for a pair of forecastk andj. Then we have

∆(hk,t) − ∆(hj,t) = 0.5
(

L
′′

LMSE(σt, hk,t) − L
′′

LMSE(σt, hj,t)
)

E[η2
t | ℑt−1]

6= 0.

Since, apart from coincidental cancelation,L
′′

LMSE(σt, hk,t) 6= L
′′

LMSE(σt, hj,t),
then the order implied by the proxy is likely to differ from the one implied by
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the true variance and the bias in the ranking is more likely toappear as the qual-
ity of the proxy deteriorates. On the other hand, the true ordering is likely to be
preserved as the proxy becomes nearly perfect, i.e.,E[η2

t | ℑt−1] → 0.
We generate artificial data from an Exponential GARCH(0,1) diffusion, see

Nelson (1991a) for details, that is
[

dp(t)

d log(σ(t))

]

=

[

0

−0.1 − 0.05 log(σ(t))

]

dt

+

[

σ(t) −0.1
√

σ(t)

−0.1
√

σ(t) 0.01 + 0.04(1 − 2/π)

]1/2 [

dW1(t)

dW2(t)

]

,(1.34)

where dWi(t), i = 1, 2 are two independent Brownian motions. The simulation
is based on 500 replications. Using an Euler discretizationscheme of (1.34), we
approximate the continuous time process by generating 7200observation/day.
All the competing models are estimated by QMLE using data aggregated at
daily frequency. The estimation is based on a fixed sample of size equal to 1500
days. The forecast evaluation sample amounts to 1000 days which are used
for the one-step ahead forecasts evaluation. All programs have been written
using OxMetrics (Doornik (2009)) by the authors. The estimation of the models
and the MCS have been performed using the G@RCH (Laurent (2009)) and
MULCOM (Hansen and Lunde (2010)) respectively.

The set of competing models includes, Exponential (Egarch)
(Nelson (1991b)), Garch (Bollerslev (1986)), Gjr (Glostenet al. (1992)), In-
tegrated (Igarch) (Engle and Bollerslev (1986)), RM (J.P.Morgan (1996)) and
2-Components Threshold Garch (2CThGarch) (Engle and Lee (1999)) models.
The latent variance is computed asσt =

∫ t

t−1
σ(u) du, t ∈ N. The proxy is

the realized variance of Andersen and Bollerslev (1998), i.e., the sum of in-
traday squared returns, and is computed using returns sampled at 14 different
frequencies ranging from 1-minute to 1-day. The proxy is denotedσ̂t,δ, where
δ =1m,5m,...,1h,...,1d represents the sampling frequency. In this setting the
realized variance estimator is conditionally unbiased, allows to control for the
accuracy of the proxy (through the level of aggregation of the dataδ) and it is
also consistent, i.e.,̂σt,δ →

p
σt asδ → 0. The underlying ordering implied by a

given loss function, whether it is robust or not, is identified by ranking forecasts
with respect to the true variance,σt (denoted asδ = 0 in Figure 1.1).

Figure 1.1(a) represents the ranking based on the average sample perfor-
mances (over the 500 replications) implied by the robust loss function,LMSE ,
for the true variance (δ = 0) and various levels of precision for the proxy
(δ =1m to δ =1d). The ranking appears stable and loss differentials between
models remain constant independently of the level of accuracy of the proxy.
Thus, the ranking obtained underσ̂t,δ is consistent for the one under the true
conditional varianceσt, for all values ofδ.

When looking at the non-robust loss function,LLMSE , the evidence of the
objective bias is striking. In fact, although the consistency of the proxy ensures
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convergence of the proxy-based ordering to the true one asδ → 0, which is
the case when the ranking is based onσ̂t,δ computed using returns sampled at
frequency higher than 1-hour (Figure 1.1(b)), as the quality of the proxy dete-
riorates inferior models emerge. The relative performances of inferior models
seems to improve rapidly and we observe major distortions atall levels of the
ranking.

We now compare the forecast performances of our set of modelsusing the
MCS test. Ideally the MCS, i.e., the set of superior models, should be a sin-
gleton containing the true process, i.e., the Egarch. However, as the quality
of the proxy deteriorates, losses and thus loss differentials, become less infor-
mative, which in turn makes more difficult to efficiently discriminate between
models. Consequently we expect the set of superior models togrow in size as
δ increases. Figure 1.2 reports two statistics, the frequency at which the Egarch
is in the MCS, which shows the size properties of the test (left) and the average
number of models in the MCS, which is informative about the power properties
of the test (right). As before, the results are reported as a function of the pre-
cision of the proxy,δ. The levels of confidence considered areα = [0.25, 0.1].
The statistic considered is theMCS − TD. The number of bootstrap samples
used to obtain the distribution under the null is set to1000.
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Figure 1.1 Ranking implied by LMSE and LLMSE . Ranking based on avg. perfor-
mances (left) and avg. loss differentials from Egarch (right).

When considering the robustLMSE , and the evaluation is based on an accu-
rate proxy, the MCS approach is able to correctly separate between superior and
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poor performing models. The deterioration of the precisionof the proxy only
translates into a loss of power, i.e., a larger MCS. In fact, the MCS includes the
true model with probability that converges to one. These results clearly demon-
strate the value of high precision proxies. Estimators based on relatively high
frequency returns provide sensible gains in power. The inference based on the
non-robustLLMSE is reliable only when a highly accurate proxy is available.
In this case, as the quality of the proxy deteriorates we identify on average a
smaller MCS but the probability that the set of superior models contains the
true model reduces dramatically. As expected, the threshold, in terms of accu-
racy of the proxy, after which the MCS underLLMSE breaks down coincides
with δ =1h, i.e., when the objective bias starts affecting the ranking, see Figure
1.1 (b).
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Figure 1.2 Size (left) and power (right) indicators for the MCS test under LMSE (solid)
and LLMSE (dashed).

Concluding, although the MCS testing procedure is formallyvalid, an un-
fortunate choice of the loss function can lead to undesired outcomes and results
in an incorrect identification of the set of superior models.

1.8 Conclusion

In this chapter we provide an overview of methods for volatility forecast evalu-
ation and comparison. We consider both the univariate and multivariate setting.
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We discuss a large variety of methodologies that can be classified into three
groups, namely methods for the evaluation of the forecasting accuracy of single
forecast, methods for pairwise comparison and methods for multiple compari-
son.

We pay particular attention to the problems that arise due tothe latent nature
of the conditional variance. In fact, being the variance unobservable the actual
evaluation of the volatility forecasts, usually involvinga loss function, requires
the use of some proxy. Since this substitution may introducedramatic distor-
tions in the ordering between forecasts under evaluation, which can be avoided
by an appropriate choice of the loss function, we elaborate on the admissible
functional form of the loss function and discuss some examples.

We also emphasize the importance of high precision proxies.In fact, even
if the forecast under evaluation is highly informative, thevariable of interest is
always some measure of forecast error. The informativenessof the latter, that
allows to efficiently distinguish between superior and poormodels, depends
crucially on the quality of the proxy.

We show, using artificial data, how both size and power properties of some
of the most well known tests for predictive accuracy behave under both robust
and non-robust loss functions and different levels of accuracy of the volatility
proxy.

In this chapter we focused on methodologies for forecasts evaluation and
comparison where the forecast accuracy is measured by a statistical criterion,
i.e., means of functions of predictions and predictions errors. At some point,
the forecaster might be interested in the economic evaluation of the forecasts,
for instance by means of an utility or profit function or yet any other econom-
ically meaningful application-specific evaluation criterion. However, to date a
comprehensive investigation of the properties of economicloss function has not
been addressed yet. In particular the robustness of the ordering when the evalu-
ation is based on an imperfect volatility proxy remains an open issue and should
be further investigated.
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